estimates for the eigenfunctions corresponding 
to real eigenvalues of the Tricomi operator 

^ : Alberto Favaron* 

O 
(N 
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1 Introduction 



" ^ . In this paper we deal with the problem of establishing estimates for the eigenfunctions 
CN ! corresponding to real eigenvalues of the Tricomi problem, i.e. the nontrivial solutions to 



Tu = \u in f2, 

AeR, (1.1) 
O ■ U = on AC U a, 



Q ! where T = —ydi — d'y is the Tricomi operator on R^. Here f2 is a Tricomi domain; that 
is a simply connected bounded region of the plane whose boundary dVt consists of the 
elliptic arc a joining A = (2xo, 0), xq < 0, to -B = (0, 0) in the region y > and the two 
characteristics AC and BC for T which lie in the half-plane y < and meet at the point 
C = {xo,yc)- yc < (cf. Section [2] for a precise description). 

Due to its physical importance, which derives from its relations with the theory of 
two-dimensional transonic fluid flows first observed in [9], the literature concerning the 
question of the unique solvability and the research of the Green's function for the under- 
lying Tricomi problem fll.ip . with Xu being replaced by /z G L^(fi), is nowadays very wide; 
see, for instance, the papers pQ, [7], [TT], [15], [21] and the references therein. 

On the contrary, only in quite recent times there has been a growing interest towards 
a development of a clear spectral theory for the Tricomi operator; an interest mainly 
motivated by the perspectives of making substantial progresses in the study of associated 
nonlinear problems, (cf. [TU], [IS], [IZ], [20] and PTJ). The main results in this direction 
are probably those in [TB] and [T7] where, provided that Q is normal in the sense that 
the elliptic arc a is perpendicular to the x-axis at the boundary points A and B, it is 
shown that a principal eigenvalue Aq > exists such that all the other real eigenvalues, if 
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any, belong to (Aq, +cxo). Employing the linear solvability theory combined with nonlinear 
analysis tools, such a spectral information is then exploited in [T^ to derive existence and 
uniqueness for semilinear Tricomi problems. 

Differently from [17J, it is our aim, here, to use the informations on the real spectrum 
of T to show that, if a is given explicitly by the normal Tricomi curve (cf. (13. 3p ) and if 
u is an eigenfunction corresponding to A G [Aq, +oo) enjoying some further regularity on 
the subset 71 U 72 = BC U cr of dVt^ then the norm ||m||l2(q) is bounded by A~^/^ times 
a quantity depending on \\u\\l2(^bc), \\\y\^''^u^\\L^{-y,)i \\uy\\L^{^^), j = 1,2, and Xq. Our 
eigenfunction bounds come out from an application to problem (11.11) of the Pohozaev-type 
identity derived in [18] for the more general semilinear problem 

Tu = f(u) in Q, 

(1.2) 

u = on AC U a, 

where / G C°(R), and then estimating the right-hand side of such identity taking advan- 
tage from the fact that a is explicitly given by the normal Tricomi curve. We stress that 
this choice for a is motivated by two essential reasons. At first, it makes fl a concrete 
example of a domain star-shaped with respect to the vector field D = —3xdx — ^ydy, a 
notion introduced in [18] only from an abstract point of view. In a certain sense, this also 
shows that the initial intuition of Tricomi of considering such a curve as the elliptic part of 
dQ (cf. [2S]) was correct, even though he was unaware of the notion of Z)-star-shapedness. 
Secondly, it allows us to compute exactly the unit outer normal to a entering the right- 
hand side of the quoted Pohozaev identity and hence to derive explicit formulae for the 
constants depending on xq in our estimates. In particular, our computations exhibit the 
unexpected fact that the value xq = — -\/3/4 plays the role of 'critical" value, in the sense 
that our constants change according to the fact that the parabolic diameter 2|xo| of Q is 
greater or not than the value a/3/2. 

It is also worth to observe that L^-L^-bounds for spectral projections onto eigenspaces, 
as those derived in [12] and [13] for the twisted Laplacian and the Hermite operator, 
respectively, are still lacking for the Tricomi operator. It thus seems to us that our 
eigenfunction bounds may represent a first step in this direction. 

^ The article is organized as follows. In Section [2] we define the weighted Sobolev spaces 
W\^<^J^{^l) and we give an overview of the linear solvability theory for the Tricomi problem 
developed in [15] when is a normal Tricomi domain. This yields also to recall the before 
mentioned results of spectral theory for the Tricomi operator established in [16] and [17] . 

Section[3]is devoted to introduce the notion of D-star-shapedness, D = —3xdx — 2ydy, 
and the Pohozaev identity of [18] for the semilinear problem (II. 2p . Moreover, recalling 
the basic symmetries groups that generate conservation laws for problem (11.21) we are 
naturally led to define the normal Tricomi curve, which constitutes the elliptic boundary 
arc cr of the domain Q underlying our main result. 

Section H] is the core of the paper. First, in Lemma 14.11 we show that when dQ = 
AC U BC U cr, 0" being the normal Tricomi curve, then Q is D-star-shaped in the sense of 
Section [31 We then prove the three preliminary Lemmas 14.21 14.31 and 14.101 which supply 
estimates for the line integrals on the right-hand side of the Pohozaev identity. Finally, 
combining the quoted lemmas with the fact that when f{u) = Am, A G [Ao,+oo), the 
left-hand side of the Pohozaev identity reduces to 4A||m||^2(q), in Theorem 14.111 we prove 
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our eigenfuctions bounds. 

The paper concludes with Section O where we give the proofs of Lemma 14.51 and 
Corollaries 14.61 and 14.81 which are basic for proving Lemma I4.10[ In particular, Lemma 
14.51 provides the necessary estimates on the modulus of the normal vector to a (cf. (14. 7p 
and (I4.22P ) and highlights their dependence on the length of the parabolic segment of 
f2. Such estimates are then used in Corollaries 14.61 and 14.81 to deduce upper and lower 
bounds of two functions entering the proof of Lemma 14.101 Notice that, although the 
functions involved in the quoted corollaries depend on one single real variable, they both 
elude the standard methods of calculus for finding greatest and least values, due to the 
computational difficulty of locating their stationary points (see Remarks 15.21 and 15.31) . 

2 The Tricomi problem 

The Tricomi operator T in two independent variable x and y is the second order linear 
partial differential operator 

T = -ydl-dl (2.1) 

which is elliptic in the half-plane y > 0, parabolic along the x axis, and hyperbolic in half- 
plane ?/ < 0. A subset VL C is said a Tricomi domain for T if is an open, bounded, 
simply connected set of with piecewise boundary dVt = AC U BC U a, where AC 
and BC are the characteristic of negative and positive slopes respectively issuing from 
the points A = (2xo, 0) and B = (0, 0), xq < 0, and meeting at the point C = {xc, yc) in 
the hyperbolic region ?/ < 0. The curve a is instead a piecewise C^ simple arc joining A 
to B in the elliptic region ?/ > 0. Of course, one has the explicit representation 

AC = {{x,y) G R2 : z/c < 1/ < 0, 3(x - 2xo) = 2{-yf/^], (2.2) 
BC = {{x,y)en^: yc<y< 0, 3x = ~2{-yfl^}, (2.3) 

so that C = (xq, — (3|xo|/2)^/'^). Due to the parabolic character of T along the x axis, the 
segment AB = {{x,y) G R^ : 2xo < x < 0,y = 0} is called the parabolic segment of Q, 
and its lenght \AB\ = 2\xo\ is called the parabolic diameter of Q. 

For a connected subset F of dQ consider the following spaces of smooth real valued 
functions 

Co~r(n; R) = {^e C°°{n; R) : t/- = on A^.F for some e > 0}, 

where N^T is an e neighborhood of F and C°°{Q; R) denotes the set of all functions from Q 
to R whose derivatives of any order are continuos in Q and admit continuos extension up 
to the boundary dQ. To simplify notations, from now on, we shall always write C^(fi) 

in place of C^(fi; R). Then, denote by W^ifi) the weighted Sobolev space obtained as 
closure of C^(fi) with respect to the norm 
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Finally, the dual space Wj. ^(fi) of W^{^1) is cliararacterized as the norm closure of L^(fi) 
with respect to the norm ll'M^llt^-i(f^) = sup||^||_^^^^^;^ \{w,ip)2\, where (-, ■)2 is the standard 

inner (real) product of L'^{Q). Obviously, W^{Q) C L'^{Q) C Wf^{Q). Moreover (cf. 
[151, p. 538]), using the definition of the Wf^ {fl)-noTm it is easy to show that there exist 
positive constants Cj, j = 1,2, such that 

The continuity estimates (12.41) and (I2.5P give rise to the continuous extensions 

Tacu. : W\auA^) ^ W^l^^^i^) and W : W^bcu<.(^) ^ W?ACu.(^) (2-6) 

of the Tricomi operator T defined on the dense subspaces C^j^(j^j^{Q) and C^^q^^{Q) . 
Notice that, by denoting with (T^cuo-)* and (Tbcuo-)* the adjoint operators of Tacuo- and 
Tscua, respectively, from (EJ]) we deduce (T^cua)* = Tscua and [TBcua)* = Tacvju- This 
implies that the problems 

{Tu = h in VL, \ Tv = h in f2, 

and (LT)* : { 
u = on AC Ua, [ v = on BC U a, 

where h G L'^{Q), are adjoint one to each other, but they are not self-adjoint. Then, from 
now on, to simplify notation, we shall consider only the problem (LT). In fact, due to the 
adjoint character of (LT) and (LT)*, in what follows it will be suffice to replace the pair 
{AC U a, BC U cr) with [BC U a, AC U cr) in all the statements concerning problem (LT) 
for having analogous statements for problem (LT)*. 

Definition 2.1. A function u G Wac\J(t{^) called a generalized solution to problem 
(LT) if there exists a sequence {wnlneN C C^j^(jyj^{VL) such that \\un — '^\\w\(. (u) ^ 
and \\Tun — /i||w-i m^ ^ as n — oc. 

As shown first in [7J, a necessary and sufficient condition in order to have generalized 
solvability of (LT) for every h G L^(fi) is to have the continuity estimates (12. 4p and (12. 5p 
as well as both the following a priori estimates, for some positive constants Cj, j = 3,4: 

ll^l|L^(f^)<C3||TM||^^ 1 \fueC^^cuam, (2.7) 

IHmn) < c^TvW^ 1 Vt; G C^^cuA^)- (2-8) 

AO Ucr V / 

Precisely, (12.81) provides the existence of a generalized solution to problem (LT) whereas 
(12. 7p guarantees that the solution is unique. For this reason, we say that a Tricomi domain 
Q is admissible if (12. 7p and (12. 8p hold. Observe also that (12. 7p and (12. 8p are in accordance 
with the result in [22j (see also [7, p. 11]) concerning the validity of a priori estimates 
for operators of mixed type. That is, if an inequality with a step in smoothness of two 
units such as H"?/^!!^! ^^^-^ < c^WTipW^^-i would hold for every ip ^ ^'^(^.^^(fi), then 
T would be elliptic in Q. 
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The class of admissible domains includes normal Tricomi domains whose elliptic bound- 
ary arc a is given as a graph {{x , y) E Ti"^ : y = g{x), 2xo < x < 0} satisfying the following 
hypotheses, where Kq is a positive constant: 

(gl) : gi2xo) = g{0) = and gix) > 0, Vx G (2xo, 0), 

ig2) : g',i2xo) = lim ^i^^^ = +oo and ^^(O) = lim = -oo, 

{g3): geC\{2xo,0)), 

(gA): g"{x)<-Ko, VxG(2xo,0). 

We remark that condition {g2) implies that a is perpendicular to the x-axis at the bound- 
ary points A and B. That normal Tricomi domains are admissible is a consequence of the 
mentioned necessary condition proved in [7] for the existence of generalized solution and 
of the following result (cf. p!5l Theorem 2.3]). 

Theorem 2.2. Let Q be a normal Tricomi domain. Then, for every h G L^(fi), there 
exists a unique generalized solution u G W\c\ja{^) problem (LT). 

The admissibility of normal Tricomi domains allows to enlarge the class of admissible 
domains and lead to the following theorem (cf. [151 Theorem 2.4]). 

Theorem 2.3. Let Q be a Tricomi domain such that: i) Q contains a normal subdomain 
Qq having boundary OQq = AC U BC U a^; ii) there exists an e > such that the elliptic 
boundaries a and ctq of Q and Qq coincide in a strip {{x,y) G : < y < e}. Then Q 
is admissible. 

We stress that (cf. [7] and [H]), for Tricomi domains in which a forms acute angles 
with the parabolic segment AB, the previous solvability theory can be developed with 
the pair (W^cuA^)^ W^icu.(^)) being replaced by (W^icu.(^), ^bcu.(^)), where W^i^), 
r G {AC U cr, BC U cr}, is defined as the closure with respect to the usual W^''^{fl)-noYm 
of the space C^iU) = {tp e C^iU) : ijj = on T}. On the contrary (cf. ^ p. 445]), 
when dealing with normal Tricomi domain the weight \y\ in the iy^'^(f2)-norm appears 
naturally and describes the possible lack of square integrability of the partial derivative 
with respect to x of the solutions in a neighborhood of A and B. 

Theorem 12.21 implies the existence of a continuous right inverse T^^^j^ from all of 
L^(fi) onto a dense proper subspace of W^^^^^fl) , and such that the generalized solution 
is exactly u = T^^^^h. Then, using Rellich's lemma, this continuous right inverse give 
rise to an injective, non surjective and compact operator from L^(fi) to L^(f2) which we 
denote again by T^^^^. It is just such a compactness of the inverse operator that permits 
the possibility of studying the generalized solvability of the spectral problem 



(LTE) : 



Tu = Xu in Q, 
u = on AC U cr, 



where A G C. Indeed, the compactness of T^^^j^ combined with a maximum principle for 
the Tricomi problem established in [15] exploiting a slight variant of that in [2], yields the 
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following Theorem 12.41 which is proved in [16]. We mention that Theorem 12.41 was already 
announced in ^lOj, but (cf. [Ul p. 536]) that paper presented two major problems to 
which the proof in |TB] supplies a remedy. 

Theorem 2.4. Let Q be normal Tricomi domain. Then there exists an eigenvalue- 
eigenfunction pair (Ao,mo) such that < Aq < |A| for every A in the spectrum aiTAcua) 
ofTAcua o,nd uo G WAcuai^) satisfies uq > almost everywhere in Q. 

Note that, since the eigenvalues of Tacuu are the inverse of those of T^cua^ the com- 
pactness of T^c^J„ implies that Tacuo- has a discrete spectrum composed entirely of eigen- 
values of finite multiplicity with a unique accumulation point at infinity. The eigenvalue 
Ao of Theorem 12.41 is called a principal eigenvalue due to the positivity of the associ- 
ated eigenfunction Uq and its being of minimum modulus. However, at present, it is not 
known neither if the associated eigenspace is simple, nor if other eigenspaces do not con- 
tain eigenf unctions that are nonnegative almost everywhere, as it happens in the purely 
elliptic case. Nevertheless, what is known is that all real eigenvalue of T^cuo- must be 
positive. This spectral information is the content of [TTf Theorem 2.5(a)], and, according 
to Theorem 12. 4[ may be summarized as 

c^(Tacu.) n (-00, Ao) = 0. (2.9) 

To the author's knowledge, fl2.9p is the best information on the spectrum of Tacuu com- 
patible with the solvability theory in the space WAcuai^)- Indeed, the results in [20j and 
[2T] . which establish that cr(TAcua) H {A G C : 27r/3 < | argA| < 47r/3} = 0, require that 
the eigenf unctions should be at least of class C{Q) fl C^{Q) fl C^{Q+) fl C^(fi_), where 
flj. = {{x,y) G fl : ±y > 0}. Unfortunately, the question of regularity of the eigenfunc- 
tions is still an open question, but, anyhow, one can show the existence of a continuous 
eigenfunction. More precisely, using the solvability result in [H p. 64] for normal domains, 
in [T7] it is shown the following theorem. 

Theorem 2.5. Let Q be a normal Tricomi domain and let Aq be the positive eigenvalue 
of Theorem 12.41 Then there exists an eigenvalue-eigenfunction pair (Ao,Mo) such that 
Aq > Ao and uq G W\(j^j^{Q) fl C{Q) satisfies Mq > in Q. 

3 i)- star- shaped domains and Pohozaev identity 

In Section [2] we have defined the Tricomi domains so that the boundary points A and 
B coincide, respectively, with (2x0,0) and (0,0), where Xq < 0. Such a choice is made 
only in order to uniform our notation with that of j,18j, whose results we shall need later. 
Indeed, due to the invariance of the Tricomi operator (12. ip with respect to translations 
along the x axis, any other choices for A and B could be possible. To this purpose, it 
suffices to observe that if m G C^(f2) solves one between the problems (LT) and (LTE) in 
Q, then, by setting x* = x — I, y* = y, I E H, the function u{x*, y*) = u{x* + 1, y*) solves 
the corresponding problem in the relevant translate of fi. 
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As noticed in [19] (take there m = N = 1 in the equation y\y\"^~^ 12iLi '>^x^xi + Uyy + 
f{u) = 0), translations in the x variables are the easiest symmetries that generate con- 
servation laws associated to the semilinear problem 

Tu = f(u) in Q, 

(3.1) 

M = on AC U cr, 

where / G C(R). Recall that a conservation law associated to (13.11) is a first-order 
equation in divergence form div (U) = which must be satisfied by every sufficiently 
regular solution of the given problem, where U = U{x, y, u, Vm, /) is some vector field 
whose dependence on u is, in general, highly nonlinear. Apart from translations, other 
two symmetries groups that generate conservation laws for problem (13.11) are exhibited in 
|19j . i. e. those coming from certain anisotropic dilations and from inversion with respect 
to the curve 

9(x-xo)^ + V = 9xo, y>0. (3.2) 

According to [251 Chapter IV], the curve in (13.21) which joins the boundary points A and 
B in the elliptic region, is called the normal curve for the Tricomi operator. In particular, 
from (13.21) we get 

y = [9x{2xo-x)/aY^^ =: g{x), xe[2xo,0]. (3.3) 

Hence, a standard exercise of calculus shows that the function g in (13.31) satisfies all the 
conditions {gl)-{g4:) of Section [2] with 

Ko = -g"{xo)={3xt/2)-'^'. (3.4) 

Since we do not need inversions in this paper, we only refer to ^Jj for their construction 
and their application to (13. ip with / = 0, and to [l9j for how to use inversions to derive 
conservation laws for (13.11) in both the cases / = and f{u) = u^, the exponent a = 9 
corresponding to the critical exponent obtained in [18]. Here, instead, we focus our 
attention to the second group of symmetries, which leads to the concept of D-star shaped 
domain and is strongly related to the Pohozaev identity that we shall recall later. 
Let 7 > and consider the change of variable 

ix,y) il^x,-f^y) =: {x*,y*) E n*. 

It is easy to verify that if m G C'^{Q) is a solution of problem (13. ip with / = 0, then, for 
every fixed S > 0, the scaled function (cf. [19, p. 256]) 

u,{x*,y*)=-f-'ui-f-^x*,-f-V), (3.5) 

solved the same problem in the scaled domain Q* of Q. Thus, we have a multiplica- 
tive group R+ of anisotropic dilations as a symmetry group for the linear homogeneous 
problem (13. ip . For instance, such a dilation invariance has been applied in |3j-[5j to the 
research of fundamental solutions for the Tricomi operator. In the general case, the semi- 
linear problem (13. ip does not have this symmetry group of dilations, but a straightforward 
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computation shows that this is true for power nonhnearities, provided 5 is opportunely 
chosen in (13.31) . That is, if f{u) = Cu"" with C G R and a > 1, then problem (13.11) has 
the property of dilations invariance for 6 = 4(a — However, it is worth to remark 

that in the case f{u) = Xu, corresponding to problem (LTE), there is no way to choose 
5 > in (13. 3p such that the dilation invariance is satisfied. 

The first variation of the one-parameter family of scaled functions (13.51) under the 
action of the one-parameter group of dilation is 



d 

d7 



7=1 



Du{x,y) - 5u{x,y), 



where D is the vector field 



D = -3xd^ - 2ydy. (3.6) 

This vector field determines a flow JF^ : — ^ R^, t G R, such that J^t(x,y) = (f>(x,y)it), 
where, denoting by the transpose of a p x g matrix B, (j)J--^{t) is the unique integral 
curve of the linear system 

-=) 

Therefore, for every (t,x,y) G R'^, we have J^t(x,y) = (xe~^^,ye~'^^). 

Definition 3.1. Let D be defined by (13.61) . An open set G C R^ is said to be D 
star-shaped if for each {x,y) G G one has J^t{x,y) C G for every t G [0, +oo], where 
^+oo{x,y) = \imt^+oo^t{x,y) = (0,0). 

To make clear the importance of this definition, we recall that if f2 is a normal Tri- 
comi domain which is also D-star-shaped then the continuous and compact embedding 
W\cua{^) ^ LP{n) holds for every p G [l,p*), where p* = 2N{N - 2)-^ = 10. Here, 

= 5/2 is the so-called homogeneous dimension of R^ when equipped with a non- 
Euclidian metric d which is natural for the Tricomi operator as the Euclidian metric is 
natural for the Laplace operator (see [S], [IB] and [TU]). 

Bounded D-star-shaped domains have D-starlike boundaries as established by the 
following lemma (cf. [I8i Lemma 2.2]). From now on, (-, ■) will always denote the canonical 
inner product of R^. 

Lemma 3.2. Let G C R^ be an open set with piecewise G^ boundary dG. If G is D-star- 
shaped, then dG is D-starlike in the sense that {{—3x,—2y),n{x,y)) < at each regular 
point {x,y) G dG where n{x,y) is the unit outer normal to dG at the point {x,y). 

The notion of D-star-shaped domains has been used in [18] to prove the nonexistence 
of nontrivial regular solutions to problem (13. ip in the case f{u) = \u\°' with a > p* — 1, 
thus showing that the homogeneous dimension of R^ is responsible for a critical-exponent 
phenomenon in the nonlinearity. In the quoted paper, the key tool is to combine the 
D-star-shapedness of Q with the following Pohozaev-type identity that we recall for the 
reader's convenience, by referring to [18] for its proof. 
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Theorem 3.3. Let Q be a Tricomi domain for T and let D be the vector field defined 
by ( \3.6^ . Let u be a solution of problem { \3.1\i such that Uy, xu^, yUx G C^(fi) and 
xu G C'^iyt). Then the following identity holds true 

I [10F(m) dxd?/ = / (cui + ds + / cui ds. (3.8) 
in Jbc Ja 

Here F is a primitive of f E C°(R) such that -F(O) = 0, whereas uJi and 002 are defined by 
uji = {2Du{-yu^, -Uy) + {yul + uj)(-3a;, -2?/), n), (3.9) 
U2 = (-2F(m)(-3x, -2y) - u{-yu^, -Uy), n), (3.10) 

n being the unit outer normal field to Q. 

Remark 3.4. Observe that, according to \T8, p. 420], we have formulated Theorem 13.31 
in the weaker assumptions for u. In fact, the requirements Uy, xUx, yUx € C^{Vt) and 
xu e C^(r2) suffice for applying the classical divergence theorem for C^{VL) vector fields 
and for exchanging the order of certain partial derivatives in the proof of (13. 8p . and allow 
to weakening the original stronger condition u e C^(fi). 

Since the starting point for obtaining our estimates on the eigenf unctions of the Tricomi 
operator is the identity (13. Sp . we conclude the section spending some words on it. In 
the theory of semilinear elliptic equations the first appearance of an identity between 
volume and surface integrals of kind (13. 8p goes back to [23j. There, such an identity 
resulted from an energy integral method consisting in multiplying the differential equation 
by a suitable vector field and then applying the divergence theorem. Since [23], this 
method for obtaining identities of type (13. Sp has become a standard tool in the theory of 
semilinear elliptic equations. On the contrary, the situation is quite different for semilinear 
equations of mixed elliptic-hyperbolic and degenerate types where, to our knowledge, the 
only remarkable results in the derivation of such identities are those in [TS]. Indeed, using 
an argument that reproduces the original idea of [23], in [IB] identities of type (13.81) are 
derived for the semilinear problem (13. ip . with the Tricomi operator T being replaced by 
the more general Gellerstedt operator L = —y'^'^^^d^ — dy,kENU {0}. In particular, the 
above Theorem 13.31 is obtained by taking = in [18, Theorem 3.1]. 

Usually, Pohozaev identities are applied for the proof of nonexistence results. In doing 
so, one has only to show that the signs of the volume and surface integrals are incompatible 
with the existence of nontrivial solutions. This is, for instance, the scheme followed in 
the quoted papers [23] and [18]. Our approach will be different. For the problem (LTE) 
(corresponding to f{u) = \u in (13. ID ) F{u) turns out to be Am^/2, so that the left-hand 
side of (13. 8p reduces to 4A||'u||^2(q)- Then, we shall get our estimates on the eigenfunctions 
of the Tricomi problem simply by showing that the right-hand side of (13.80 is nonnegative 
and upper bounded by an opportune quantity. 

Remark 3.5. Of course, a remark is on order about the approach summarized in the last 
paragraph. Indeed, the eigenfunctions of the Tricomi problem are, in general, complex 
valued, and we are not in position to apply Theorem 13. 3[ which, due to assumption 
/ G C^{R) and the presence of the canonical inner product of R^, requires a real context 
for its application. However, if we restrict our interest to the eigenfunctions u correspnding 
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to real positive eigenvalues A G [Aq, +oo) (cf. Theorem 12 ■4p . then we can apply separately 
our approach to their real and imaginary parts, JJm and Qu. For, T being a linear operator, 
we have 




Tu = Xu, A e R, < A e R. (3.11 



That is, u is an eigenfunction corresponding to a real eigenvalue A if and only if its real and 
imaginary parts and are real valued eigenf unctions corresponding to A. Thus, once 
we will have estimated ||3?M||^2(f2) and ||Q'm||^2(q), our estimate on the L^-norm of the (pos- 
sibly complex valued) eigenfunctions u corresponding to positive eigenvalues will follows 
from ||u||^2^j^^ = (u,m)2,^ = ||3ftM|||2(Q) + Ipwll^a^j^^, where (1^1,^2)2,- = J^Viv^dxdy. 



4 Main result 

In order to perform explicit computations, from now on Q will be a Tricomi domain 
having boundary dQ = AC U BC U cr, where the characteristics AC and BC are as in 
02.21) and (12.31) . and a is the normal curve (13. 2p . Hence, due to (13. 3p and (13. 4p . is a 
normal Tricomi domain according to the definition given in Section [2l 

We now parametrize the curves AC, BC and a in order to give to dQ the positive 
orientation of leaving the interior of Q on the left, i.e. the counterclockwise orientation. To 
this purpose, denoting by rr : / C R ^ R^, / interval, the parametric curve representing 
a subset F of dQ, we have: 

rAci-y) = (2X0+ (2/3)(-y)3/2,y), y e [yc,0], (4.1) 

rBciy) = ( - (2/3)(-^/)'/^y), y G [yc,0], (4.2) 
r„{-x) = {x,g{x)), xe[2xo,0], (4.3) 

where yc = — (3|xo|/2)^/'^ and g is the function defined by (13.31) . Consequently, the unit 
outer normals on the characteristics and on a are given by 

nAc = {i-y)-'^'i-i,-i-yY^'), ye[yc,o], (4.4) 
nBc = {i-yr'^\i,-{-yy^'), ye[yc,0], (4.5) 

r (-1,0) x = 2xo 
n.= | {W{x)r + l}-'/\-g'{x),l), xG (2x0,0), (4.6) 
[ (1,0), x = 0. 

Observe that, since from (13.31) we get g'{x) = — (3/2)[5f(x)]~^(x — xo) for every x G (2xo, 0), 
easy computations yield to: 

{{x- xof + {mW)]'Y"\x - xo, {2/2)[g{x)f). (4.7) 



{[g'[x)Y + iyn 
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Then, the vector on the right-hand side of (14. 7p being defined also in a; = and a; = 
where it is equal to (—1,0) and (1,0), respectively, we can replace (14. 6p with the more 
compact formula: 

= {{x - xof + {A/9Mx)]^y'^\x - Xo, (2/3) [(^(x)]^), x G [2xo, 0], (4.8) 

It is now an easy task to show that dQ is D-starlike with respect to = —Sxd^ — ^ydy. 
Indeed, from flO)-fH3D and (HTj) we get: 

{{-3x,-2y),nAc) = Qxo{l-y)-'/'<0, y{x,y)eAC, (4.9) 

((-3a;,-2y),nBc) =0, V(x,y)GfiC (4.10) 

((-3x,-2y),n.) = -3xxo{(a; -Xo)' + (4/9)y^}-'/' < 0, V(x,y) G a. (4.11) 

There is more. That is, Q is just D-star-shaped in the sense of Definition 13.11 We shall 
not need this fact later (all that we shall need is the already proved D-starlikeness of Q), 
but we prove it for completeness since the proof is very easy and since it gives a concrete 
character to the abstract notion of D-star-shaped domain. 

Lemma 4.1. Let dQ = AC U BC U a, a being the normal curve {\3.2i) . Then Q is 
D -star-shaped with respect to D = Sxd^ — 2ydy. 

Proof. As it is well-known (cf. [6, Chapter 15]), for the linear system (13. 7p the origin is 
an improper node asymptotically stable and every orbit, except the two corresponding to 
the positive and negative x-axis, tends to the origin tangentially to the y-axis. Thus, it 
suffices to show Ttix.y) = (xe~^*, ye~^*) C f2 for every t G [0, -|-cxd] only for the points 
(x, y) G dVL. Indeed, for every (x, y) G there corresponds a unique (x, y) G dVL such 
that {x,y) = J-'tQ(x,y) for to = 3^"*^ ln(x/x) < 0, and, cosequently, J^t(x,y) = J-'t^to{x,y), 
t G R. Let us first assume (x,y) G a. To prove that J-'t(x,y) G ^2, t G [0, +cxd], where 
^+oo{x,y) = (0, 0) = B, we have to show that 9(xe~^* — xqY + 4(ye~^*)^ < 9xo for every 
t > 0, or, equivalently, 

9x2 _ i3^3,pg3t + 4^ < 0, t>0. (4.12) 

But, if {x,y) G cr, then dx"^ + 4y^ = ISxxq. Replacing this identity in (14.121) we derive 
18xxo(l — e^*) < which is true for every t > 0. Now, let us take {x,y) G BC. Then 
3xe~^* + 2(— ye"2*)^/2 = [3x + 2(— y)^/2]e~^* = 0, meaning that J^t{x,y) G BC for every 
t G [0,+oo]. Finally, let {x,y) G AC. Due to what already proved and since orbits do 
not intersect each other, we have that J-'t(x,y) remains between the orbit .7-i(2xo,0) and 
the curve 3x -|- 2(— t/)^/^ = 0, ?/ < 0, that is J-'t{x,y) G ^l- for every t G [0,+oo]. This 
completes the proof. □ 

We now start to estimate the right-hand side of (13.81) . For simplicity's sake, in the 
sequel, for any v : fl ^ H, v and v denote its restrictions to BC and a, respectively, i.e. 

v:=v\Bc, v:=v\^. (4.13) 

As usual, for any pair w = (101,102), |w| stands for its Euchdian norm (wf + w'^y^'^. 
Then, recalling that a curve 7 C is said regular if it admits a parameterization : 
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/ C R — >■ R^, / interval, such that G C^(/) and r' (t) ^ for every t G /, we denote by 



L'^i'j) the set of all real (respectively, complex) valued functions ip such that ||V'lli2(^) = 
J^ip'^ds < +00 (respectively, ||'?/'||^2(^) = iV'Pds < +00), where ds = \r'^it) \ dt, t & I. 
In particular, 7 is rectifiable if and only if = 1 G L'^i'j)- 

Lemma 4.2. Let uji be defined by formula {\3.9[) where u is a real valued function such that 
\y\^^'^Ux, Uy G L'^{BC), BC being defined by (1^.31) . Then, for every e > 0, the following 
estimate holds: 



0< / ^ids<Ci(xo,£)|||yr/V||i2(Bc) + ^2(xo,£)||M^||i2(Bc), (4-14) 

J BC 

where 

, , 6|xo|(l+£(-i)'^') , , 

^^•^""'^^ ^= [l + (3|xo|/2)^/3]V2 - ^■ = 1'2- (4-15) 

Proof. First, replacing n with the ubc defined by (14 .Sp and using (14.101) . formula (13. 9p 
simplifies to give 

uTi = {2Du{-yu^, -Uy), ubc) 

= 2(1 - y)-'/^{3xyuJ + [2y^ - 3xi-yy/^]u,Uy + 2i-yf\^}. (4.16) 

According to (14. 2 p we now replace x with — (2/3)(— y)'^/^, where y G [yc,0]. With a such 
substitution, from (I4.16P we easily find 

^ = 4(1 - y)-'^'[{-yr/'uJ + 2{-yfu^Uy + (-y)^/^] 

= 4(-i/)^/^(l - y)-'/'[{-yY/'u^ + Uy]' > 0. (4.17) 

Then, using the well-know inequality (a + 6)^ < (1 + £^)a^ + (1 + s^^"*^)^^? a, 6 G R, £ > 0, 
and observing that the function p(y) = (— y)'^/^(l — y)~^^^ is decreasing for ?/ < 0, from 
(I4.17P we obtain 



0< / U,ds<A {-yfl\l-y)-y%-yfl^u^ + u;^'\r'^^{y)\dy 
JbC Jyc 

<K-ycf'\i-yc)-''%i + my\'''uAl.^Bc) + i^ (4-18) 

Replacing yc with — (3|a;o|/2)^/3 in 04.181) the proof of fl4.14p is complete. □ 

Lemma 4.3. Let us replace uji and formula ( \3.% with uj2 and formula ( \3.1C^ in the 
hypothesis of Lemma 14.21 and assume further that u G L'^{BC). Then, the following 
estimate holds: 

/ U2ds < C3{Xo)\\u\\L2{BC)[\\\y\^^'Ux\\L'\BC) + \\Uy\\ L^BC)] , (4-19) 
JBC 



where 
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Proof. As in the proof of Lemma [4.21 replacing n with the exphcit Hbc given by (14. 5 p 
and using (14.101) . we simphfy (I3.10p to 

^2 = {-ui-yux, -Uy), ubc) = - y)'^/^u[i-yy/^u^ + Uy] . (4.21) 

Therefore, applying Holder inequality and observing that the function q{y) = —y{l — y)^^ 
is decreasing for y < 0, from (I4.2ip it follows 

u^2ds= A - {-yy/'{l - y)-'"u \r'^c{y)\"'] [{-y^'u^ + Uy] Kc{y)\"' ^y 

BC Jyc 



< 



)' 
[\\\yr^Ux\\LHBc) + hyWLHBc)] 

< (-yc)^^^(l - ycy^^^\\u\\L2(BC) [II ll/T'^V II L2(BC) + ||My||L2(BC)] • 

This completes the proof. □ 

Remark 4.4. Observe that, contrarily to Lemma where (14.171) implies J^^ui ds > 0, 
in Lemma [4.31 we can not ensure J^^uj2ds > 0, since (I4.2ip may change sign. However, 
as we shall see later, when f{u) = Xu in problem (13. ip with A G cy{TAcvja) H [Ao,+C)o) 
(cf. (12. 9p ). the nonnegativity of the integrals' sum on the right-hand side of (13.80 will 
be a consequence of that of the left-hand side. Of course, this agrees with the obvious 
fact that the sum f^^,{ui + U2) ds + fluids may be nonnegative even though some of 
its terms are nonpositive. Notice also that we can not use the result in [181 PP- 416, 
417] which establishes /bc'(<^i -|- a;2) ds > 0, since there it is assumed that the function 
ip{y) = uirBciy)) belongs to C^((?/c,0)) fl C^{\yc,Q]), which is not our case. 

We now turn our attention to the last term that it remains to estimate on the right- 
hand side of (13. 4p . i.e. the integral of Ui along the elliptic normal arc a. For our purposes, 
we need some preliminaries results. To simplify notations, from now on we denote by h 
the positive continuous function 

h{x) = {{x-x^f + {A/^Mx)fy'\ xe [2x0,0], (4.22) 

g being defined by (13. 3p . Hence, according to formula (14. 8p . for every x G [2xo,0] we 
have fio- = [h{x)Y^{x — xq, (2/3)[(7(x)]^). A detailed analysis of function h yields to the 
following Lemma 14.51 which we shall prove in Section [5] and which highlights the special 
role played by the value xq = — v^/4. 

Lemma 4.5. Let h he the function in ( 4-22 ). i) If xq G [— \/3/4, 0), then h is a convex 
function such that 

< [(3/2)x^]^/3 = /i(xo) < h{x) < h{2xo) = h{0) = |xo|, Vx G [2xo, 0]. (4.23) 
a) If Xq < —Vs/A, then 

0<[xl- (3/64)]^/2 ^ ^ < Z^^^,) < C4(xo), Vx G [2xo, 0], (4.24) 
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Figure 1: The function h for Xq E [-^3/4,0) (on the left) and for Xq E (-2/3, -^3/4) 
(on the right). 




Figure 2: The function h for xq = —2/3 (on the left) and for xq < —2/3 (on the right). 



Moreover, there exists a unique inflection point x E {xq,x+) such that h is convex in 
[2xo, 2xo — x]U \x, 0] and concave in [2xo — x,x]. 

With the help of Lemma 1^15) we can now find upper and lower bounds of two functions 
which we shall encounter below, during the proof of Lemma 14.101 As for Lemma 14. 5[ the 
proof of the following Corollaries 14.61 and 14.81 will be furnished in Section [51 

Corollary 4.6. Let h be the function in l \4.22^ , let x± be the points defined in Lemma 
I4.5l i() and let Gi{x) = [h{x)]^^ gi{x) , x E [2xo,0], where gi{x) = 3x(2a; — 3a;o). i) If 
Xq E [-v^/4,0), then 



where x± = Xo± [x^ 



C^ixo) 




C^ixo) < Gi{x) < Ceixo), Vx e [2xo, 0] 



(4.26) 



where 



C,{xo) 



[h{xo)]-'9i{{3/A)xo) = -(3/2)«/3|xo^/^ 



(4.27) 



Caixo) 




(4.28) 



a) If Xq < — v^/4, then 



Crixo) < G,ix) < Csixo), Vx E [2xo,0] 



(4.29) 



14 



where 

fS/o^s 2 

C,{xo) := [h{x^)]-'g,ii3/A)xo) = " [^2 _ (3/64)]!/^ ' ^^"^^^ 

(Ceixo), if XoG(-l/2,-v^/4), 
C8M:=r,, . 6xg (4.31) 

Remark 4.7. Notice that for xq = -1/^/5 G (-1/2, -Vs/i) it holds x+ = (3/4)xo and 
the estimate from below in fl4.29p becomes Cj^Xq) = Gi{x^) < Gi{x), which is sharp. On 
the contrary, when xq < —1/2 is large enough, x+ and x_ approach and 2xo, respectively. 
This implies that, for xq < —1/2, while the lower bound Ct{xo) < Gi{x) approaches 
[h{0)]~^ gi{{3/ 4:)xo) < Gi{x) and becomes less precise, the upper bound Gi{x) < Gs{xo) 
approaches 6*1(3;) < Gi{2xq) and becomes more accurate. Some numerical simulations 
made with the help of Maple 11.01 confirm this fact. 

Corollary 4.8. Let h be the function in l \4.2^) , let x-j- be the points defined in Lemma 
\4M i) and let G2{x) = [h{x)]^^ g2{x) , x G [2a;o,0], where g2{x) = 4(2a; — xo)[g{x)]^^'^ . 
Moreover, let xi and X2 be the points defined by Xj = [(7 + (— l)-'^^v^3)/8]xo, j = 1,2, 
such that g2{xi) < g2{x) < g2{x2) for every x G [2x0,0]. i)Ifxoe [-73/4,0), then 

Ggixo) < G2ix) < Gioixo) VxG [2x0,0], (4.32) 

where 

C,(x„) := |A(n-„)l-'92(a:i) = -2-"/»3='"|V33 + 31|15 + v^l"2|a:„P", (4.33) 

C,„(.„) := |M.o/2)l-'<,.(..) = (4.34) 

a) If Xq < — v/3/4, then 

Gnixo) < G2ix) < Guixo), Vx G [2xo, 0], (4.35) 

where 

r ( \ \u M-i ( \ 2-^/^3[v/33 + 3][15 + v/33]V^xg 

Cii(xo) := [/i(x_)] g2{x^) = [xg - (3/64)] ^^-^^^ 

Cio(xo), if XoG (-l/2,-v^/4). 



Ci2{xo):=< , , , 2-7/23[v^-3][15- 733] 1/2^2 (4.37) 

1 [h{x^)]-%{x2) = [^2 _ (j)g4)]l/2 If ^0 < -1/2. 



In particular, 



where 



|G2(x)| <Ci3(xo), VxG [2x0,0], (4.38) 



\G,{xo)\, if xoG [-v^/4,0), 
[|Cn(a;o)|, if Xo<-v^/4. 
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Remark 4.9. Let X3 and X4 be the points defined by = — [(15+(— l)-'+^v^)/32]^/^, j = 
3, 4, such that X3 < < —1/2. Then, it is worth to observe that for xq = X4 (respectively, 
^0 = X3) it holds x_ = Xi (respectively, x+ = X2) and the lower (respectively, upper) 
bound in (14.351) becomes Cii(xo) = 6*2(3^-) < ^2(0;) (respectively, G2{x) < 6^2(2;+) = 
Ci2(a^o))) which is sharp. Unfortunately, when xq < — 1 is large enough, both sides of 
(I4.35P become less precise, as numerical simulations made with Maple 11.01 confirm. On 
the other side, to find the greatest and least values of G2 using the standard tools of 
calculus is not profitable, due to the difficulties in locating its stationary points (cf. the 
following Remark 15. Sp . 

We can now proceed to estimate the line integral J^uids. Due to Corollaries 14.61 
and 14. 8[ two different estimates will be supplied, according to the fact that the parabolic 
diameter \AB\ = 2|xo| of is greater or not than the "critical" value 

Lemma 4.10. Let a be the normal elliptic arc i\3.2^ and let u be a real valued solution 
of problem {\3.1\i which is Frechet differentiable at each of the points of a and such that 
\y\^^'^Ux, Uy G L'^{o'). Let uji be defined by ( \3.9^ . Then, for every £ > 0, the following 
estimate holds: 

0< / a;ids<Ci4(a;o,£)|||y|'/V||i2(,) + Ci5(xo,£)||Mj|i2(,). (4.40) 

J a 



Here 



Ci4(a;o, e) :- 



Ci-,{xQ,e) 



C^{x^) + (£/2)|C9(a;o)|, if xq G [-v^/4,0), 
C8(xo) + (£/2)|Cn(xo)|, if Xq < -^3/4, 

-C5(xo) + (2£)-i|C9(a;o)|, if Xo G [-v^/4,0), 
-C,{x^) + (2e)-i|Cn(xo)|, if xq < -v^/4. 



where the constants Cj{xo), j = 5, . . . , 9, 11, are defined by i \4-27\) , ([7] 
and 



(4.41) 
(4.42) 



Proof. First, since = 0, the assumption that u is Frechet differentiable at each of the 
points of a implies that the directional derivative of u is zero along a. Therefore, due 
to the D-starlikeness of dfl (cf. fl4.9l) - fl4.11l) ). we are in position to apply the argument 
in [IHl p. 416], to which we refer the reader for the details, to derive the lower bound 
< J^ooids. Now, recalling formulae (fSJ]), dMD, fHTTD and (02]) and notation Km . 
from the definition (13.91) of Ui easy computation yields: 

= [h{x)]'^ {{6xu^ + iyuy) [{x - Xo)yu^ + {2/3)y^Uy] - 3xxo{yUx^ + Uy"^)} 

= Gi{x)yuJ^ + G2{x)y^^'^u^Uy - Gi{x)uy^, (4.43) 



where Gi and G2 are the functions defined in Corollaries 14. 61 and 14. 8[ Then, using 2|a||6| < 
£0? + £"^6^, a, 6 G R, e > 0, from fl4.43p we obtain: 



l31 < Gi{x)yuJ^ + \G2{x)\\y'^^'^U:r\\uy\ - Gi{x)Uy^ 

< {G,{x) + {e/2)\G2{x)\}yu,' + {i2sr'\G2{x)\ - G,{x)}uy\ 



(4.44) 
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It thus now suffices to apply Corollaries 14.61 and 14.81 to conclude the proof. Indeed, due 
to (gSSD-dSIl), f05]) . dm . fOSjl and (gSi, inequality fICTD leads us to 



Lj^ < Cm{xo, e)yu^^ + Ci5(a;o, e)uy^, Ve > 0, 
where Ci4(xo,£) and Ci^{xQ,e) are defined by f l4.4ip and (14.421) . respectively. Hence 

/ tx;ids < Ci4(xo,£)|||i/|^/^u^.||i2(^) + Ci5(xo,£)||My||i2(^), Ve > 0, 

J a 

and the proof of (14.401) is complete. □ 

We can now prove our main result. For brevity, in the following Theorem 14. 11^ the 
symbols L'^{fi), C^(fi) and C^(fi) are used without exception for both real and complex 
valued functions. Needless to say, if we have to deal with complex valued functions, then 
L^(f2) is understood endowed with the usual complex inner product (■, •)2,~ defined in 
Remark 13.51 whereas the spaces C^{Q) and C^(f2) are meant for C^{Q; C) and C^{Q] C), 
respectively. 

Theorem 4.11. Let the curves AC, BC and a be defined by ((Uj), I^EM and (EJD, 
respectively, and let Q C be the normal Tricorni domain having boundary dQ = AC U 
BC U a. Let u = + iQu, where ^u,'^u e W\q^j^{Q), be a not almost everywhere 
vanishing solution to problem 

Tu = Xu in Q, 

AG[Ao,+oo), (4.45) 

u = on AC U a, 

Ao > being the principal eigenvalue of Tacvjo- defined in Theorem 12.41 Let us assume 
that Uy, xux, yux e C^{Tl), xu G C^{Q), u G L^{BC), \y\^/^u^, Uy G L^{BC) H L^^a) and 
that u is Frechet differentiable at each of the points of a. Then, for every ej > 0, j = 1, 2, 
the following estimate holds: 



< 2Ai/2| 



< \^Ci{xo,ei)\\\y\^/\^\\l2(^BC) + C2{xo,ei)\\uy\\l2(^Bc) 

+ C3{xo)[\\^u\\l2(bC) + W^uh^BC)] [\\\y\^^'^Ux\\L2{BC) + \\Uy\\L^BC)] 

-] 1/2 

+ Cl4(xo,£2)|||yr^V||i2(^) +Ci5(xo,e2)||Ms/||i2(^) [ , (4.46) 



where Cj{xo,ei), j = 1,2, are defined by ( \4-15^ with e = e\, Cz{xq) is defined by ^^^2^, 
and Cjixi^^e^), j = 14, 15, are defined by l \4-4^ and i \4-4^> with e = 62- 



Proof. First (cf. (13. lip ), since A G [Aq, +C)o) and u does not vanish almost everywhere, 
we have that the real valued functions Vi = and V2 = also solve (14. 45 p . and 
that at least one between is not the zero element of L'^{Q). Moreover, our assumptions 
on u imply that {vj)y, x{vj)^, y{vj)^ G C^(fi), xvj G C^(fi), Vj G L'^{BC), |y|^/2(t;j)^, 
{vj)y G L^{BC) n L'^{a) and that Vj is Frechet differentiable at each of the points of a, 
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j = 1,2. Thus, setting f(t) = Xt, t E R, we may as well suppose from the outset that 
u G W\q^j^{Q) , M 7^ 0, is a real valued solution to problem (13.11) satisfying the assumptions 
of Theorem 13.31 and Lemmas 14. 2[ 14.31 and 14.101 In particular, u satisfies the identity (13. 8p 
with F{t) = (A/2)t2, t G R. Therefore, since 10F{u) - uf{u) = AXu^, we have 

< 4A||M||i2(o) = / {uJi + U2)ds+ uids, (4.47) 

JbC J a 

where ui and ui2 are defined by (13. 9p and (I3.10p . Hence, taking e = £i > in Lemma 
14.21 and e = £2 > in Lemma 14.101 and applying estimate (14.140 . (14.191) and (14. 40 p . from 
(I4.47P we deduce 

< 4A||u||^2(f^) < Ci(xo,ei)|||?/|^/V||i2(Bc) + C'2(a;o,^i)lhj/|li2(Bc) 

+ C-i{xQ)\\u\\L'^^BC)[\\\y\^''^U^\\L^{BC) + I|Mj,||l2(BC)] 

+ Ci4(a;o,£2)|||yr/'M,|li2(,)+Ci5(a;o,£2)lkJ|i2(,). (4.48) 

This proves (I4.46P in the case that u is real valued. To complete the proof in the general 
case it suffices to replace u in (I4.48P with Sftw and respectively, and then summing up 
the so obtained estimate, taking into account the identities \y\^^'^{^u)x = ^{\y\^^'^Ux) and 
{^u)y = d{uy), d ='^,^, and the inequalities \\\y\^^^{du)x\\L^{BC) < II |z/|^''^m^||l2(bc) and 
\\{du)y\\L2(BC) < I|Mj/||l2{BC), d = '^,'^- □ 

Remark 4.12. Notice that, if m G W\q^j^ is an eigenfunction corresponding to an eigen- 
value A G [Aq, +00) satisfying the assumption of Theorem 14. IH then (14.470 improves the 
inequality < J^^{uJi +UJ2) ds + Ui ds which is shown in the proof of [TSl Theorem 4.2] 
(take there k = 0) under the assumption u G C^(fi). 

Of course, when fl is as above, one can applies estimate (14.460 . with the quadruplet 
(A, u, 3?M, Qu) being replaced by (Aq, uq, uq, 0) and (Aq, uq, uq, 0), respectively, to the eigen- 
functions Uq G WAcuai^) and Uq G WAcuai^) H C{Q) of Theorems 12.41 and 12. 5[ provided 
he can shows that they satisfy the additional regularity requirements of Theorem I4.11[ 



5 Proof of Lemma 4.5 and Corollaries 4.6 and 4.8 



Proof of Lemma 4-5 First, from definitions (14. 3 p and (I4.22p we immediately derive h{x) = 
h{2x() — x), so that h is an even function with respect to the line x = Xq and it suffices 
to prove the lemma assuming a; G [xq, 0]. With such a convention, we change the variable 
from X to X = X — Xq E [0, —Xq] and we consider the function 



H{X) := hiX + xo) = {X' + (4/9)[G(X)]^}'/', X G [0, -Xq], 



(5.1) 



where 



GiX) := g{X + Xo) = [9{xl - X^)/A] X G [0, -Xq] 



(5.2) 
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Thus, differentiating with respect to X and using G'{X) = -(3/2) [^(X)]-^^, 

X e [0, — Xo), we get 

H'{X) = [3H{X)]-^[3 - AG{X)]X, X G [0, -xq). (5.3) 

Now, easily yields 3-4G(X) > for every X such that X^ > xl-{3/16). Therefore, 
if xo G [-^3/4,0), from O we deduce H'{X) > for every X e [0, -xq). Then H is 
a non decreasing function in [0, —Xq] and (14.231) follows from h{xo) = H{0) < H[X) < 
H{-xo) = h{0). On the contrary, if xq < -^3/4, we have H'{X) < in [0,X+] and 
H'{X) > in [X+,-xo), where X+ = [xg - (3/16)]^^^ Hence H IS non mcreasmg m 
[0,X_|_] and non decreasing in Xq), and (14.241) follows from h{x+) = H{X^) < 

H{X) < max{if(0), H{—xq)} = max{/i(a;o), h{0)}. By comparing the values of H^Xq) and 
h{0) we get (14.251) . too. To complete the proof of the lemma, let us assume first that 
Xq G [—a/3/4,0). As we noted above, in such a case the function G{X) = 3 — 4G(X), 
X G [0, — Xo), is nonnegative and, moreover, is non decreasing due to the non increasing 
character of G. An easy computations taking into account formula (15.31) shows also that 
the function H{X) = [3H{X)]^^X , X G [0, — Xq), is non decreasing since 

H'{X) = 4[3H{X)]-^{[G{X)f + 3X^}G{X) > 0, VX G [0, -xo). 

Then, if we take < X2 < -Xq, from < G(Xi) < G(X2), < #(Xi) < ^(Xa) 

and H'{X) = G{X)H{X) we derive < //'(^i) < ^'(^2)- Thus H' is a non decreasing 
function or, equivalently, H is a, convex function which completes the proof of i). Let 
us now assume xq < —\/3/A. Since in this case we have G{X) > if and only if 
X G [X+, — Xo], the previous argument can be used only to show that H is still a convex 
function in the interval [X_|_, — Xq]. To see what happens in the interval [0, X+] we analyze 
the second derivative of H with respect to X. From (15. 3p we obtain 

H"{X) = [3G{X)Y^[H{X)]''N{X), Xg[0,X+], (5.4) 

where 

X(X) = 3{<6X^ + [3-AG{X)\[G{X)f}[H{X)f-{X[3-AG{X)\G{X)Y 

= 3{6X2 + 3[G{X)f - A[G{X)f]{X^ + (4/9)[G'(X)]^} 

-9X2[G(X)]' + 2AX^[G{X)f - lQX^[G{X)f 

= 18X^ - SX^[G{X)f + 12X2[G'(X)]=^ + 4[G'(X)]^ - (16/3)[G(X)]^. (5.5) 

Replacing [G(X)]^ and [G{X)\' in ([53]) with [G{X)fG{X) and [G{X)fG{X), and us- 
ing (O to rewrite [G{X)f = 9(xg - X'^)/A and [^(X)]^ = [9(xg - X^)/Af, a careful 
computation shows that 

X(X) = 9 [2X^ + (3/4) (3x^ + X^){xl - X^) - {3x1 - X^){xl - X^)G{X)] 

= (9/4) [5X^ - 6x^X2 + 9x^ - 4(X^ - AxlX^ + 3x^)G(X)] . (5.6) 

From (15.51) it follows 

X(0) = (27/4)x^[3 - 4(9x2/4)1/3], 
X(X+) = (9/4)[8x^ - (15/8)x2 + (9/128)], 
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so that, for xq < — we have A^(0) < < N{X+). Consequently, from (15.41) we 
deduce H"{0) < < H"{X^). To complete the proof of ii) it then suffices to show that 
N{X) is an increasing function in [0,X+]. Indeed, N{X) being continuous, by virtue of 
the Mean Value Theorem this will imply that there exists a unique X G (0, X+) such that 
N{X) < for X G [0,X), N(X) = and N{X_)_ > for X G (X,X+]. Thus, from ([52D 
we shall derive H"{X) < for X G [0,X), H{X) = and H"{X) > for X G (X,X+], 
and ii) will be proved with x = Xq + X G (xq, x+). Now, differentiating fl5.6p with respect 
to X and using G'{X) = -(3/2)X[G(X)]-2 we find 

X'(X) = (9/2)X[G(X)]-2Xi(X), XG(0,X+), (5.7) 

where 

Xi(X) = 2(5X2 - 3xl)[G{X)]^ - 8(X2 - 2xl)[G{X)f + 3(X^ - AxlX^ + 3x^) 

= 2(5X2 - 3x1) [G{X)]^ + 21X^ - 66xlX^ + 45x^. (5.8) 

If we can show Xi(X) > in (0,X+), from ([EZD we get X'(X) > and X(X) is an 
increasing function in [0, X+j completing our proof. Therefore, to our purposes, it would 
be suffice that Ni is a decreasing function and that Xi(X+) > for xq < — v^/4. To 
show that Ni is decreasing we study the sign of its first derivative X((X). From (15.81) it 
follows: 

X((X) = 20X[G(X)]2 + 4(5X2 - 3x^)G(X)G"(X) + 84X3 _ i^2xlX 

= X[G{X)]-^{20[G{X)f - 6(5X2 _ 3^2^ ^ ^^^^2 _ i^2xl)GiX)} 

= 3X[G(X)]-i{21xg-25X2-4(llx^-7X2)G(X)}, Xg(0,X+). (5.9) 

Since llxg - 7X2 > x G (0,X+) C (0, 7ll/7|xo|), X{(X) > is equivalent to 

Now, R'{X) = -64(11x2 - rX'^y'^xlX < in (0, X+). Then the function R on the right- 
hand side of (I5.10p is decreasing and satisfies -R(X) < -R(O) = 21/44 for every X G (0, X_|_). 
On the other side, the function G being decreasing, we have 3/4 = G(X+) < G{X), so 
that R{X) < 21/44 < 3/4 < G{X) for every X G (0,X+), which is incompatible with 
(l5.1Up . From (15.90 it thus follows X((X) < in (0,X4.) and Ni is a decreasing function. 
It remains only to show that Xi(X+) is positive for xq < — v^/4. But, recalling (15.81) . an 
easy computation leads to Xi(X+) = (27/4)(xo — 3/64) which is positive for xq < — -\/3/8 
and a fortiori for xq < — -\/3/4. This completes the proof. 

Remark 5.1. We stress that in the previous proof the standard procedure of calculus 
for locating the infiection point of H is not profitable, due to the difficulty in studying 
the sign of H". Indeed, from (15.40 and (15.60 we deduce that solving H"{X) > leads 
us to solve P{X) > 0, where P is a polynomial of degree deg(P) = 14 in the unknown 
X G (0, — xo), with variable coefficients depending on xq. 
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As usual, for any function / : J C R — > R, / interval, we denote by /"*" = max{/, 0} 
and = max{— /, 0} its positive and negative parts, respectively, such that / = /"*" — /~, 
I/I = /+ + /- and -/-</</+. 

Proof of Corollary \4.6\ Of course, gi{x) = 3x{2x — Sxq), x G [2x0,0], decreases for 
X G [2x0, (3/4) xq] and increases for x G [(3/4)xo,0]. Moreover, it is nonnegative in 
[2xo, (3/2)xo] and non positive in [(3/2)xo, 0]. Then, h being a positive function, we have 

^+ _ f G^{x), X G [2X0, (3/2)xo], ^ _ f 0, x G [2xo, (3/2)xo], 
' ^""^ ~ \0, X G [(3/2)xo,0], ' ^""^ ~ l-G'i(x), X G [(3/2)xo,0]. 

Assume first Xo G [— -\/3/4, 0). In this case, due to Lemma [4.51 ?) which implies that h is 
convex function attaining its minimum in x = Xq, we have that h does not increase in 
[2xo,Xo] and hence /i((3/2)xo) < h{x) for x G [2xo, (3/2)xo]. Therefore 

G'i(x) < Gtix) < [/i((3/2)xo)]-^(?i(2xo), Vx G [2xo, 0]. 

Thus, using ^i(2xo) = 6xg and evaluating h{{3/2)xo) = I'^l^i^'^l^ + 9|xop/^)^/^|xo| 
through formula (14.221) . we obtain the estimate from above in (14.261) . with C6(xo) de- 
fined by (I4.28p . Instead, the estimate from below, with C5(xo) defined by (14.271) . follows 
by combining -(3/2)3xg = ^i((3/4)xo) < ^i(x) < and < [(3/2)x^]i/3 = /i(xo) < h{x) 
for X G [(3/2)xo,0], which yield 

-(3/2)«/='|xo|'/' = [/i(xo)]-V((3/4)xo) < -G'r(x) < G'i(x), Vx G [2xo,0]. 

Let us now take xq < — v^/4. In this case, according to Lemma [4.5l ?z). the function h 
attains its least value [xq — (3/64)]^/^ at both the points x± = Xq ± [xq — (3/16)]"'^/^. Also, 
being convex in [2xo, 2xo — x] U [x, 0], x G (xo,x+), and concave in [2xo — x, x] with a 
local maximum in x = xo, it decreases in [2xo,x_] U [xo,x+]. We then distinguish the 
two sub-cases xq G (—1/2, — -\/3/4) and Xq < —1/2, corresponding to (3/2)xo < x_ and 
x_ < (3/2)xo, respectively. Let first be xq G (— 1/2, — -\/3/4). Since (3/2)xo < x_ and h 
decreases in [2xo,x_], the same reasonings as above for the case xq G [-v/3/4, 0) lead to 

[/i(x+)]-i(7i((3/4)xo) < Gi(x) < [/i((3/2)xo)]-^(?i(2xo), Vx G [2xo,0], 

i.e. (I4.29P with C7(xo) and C8(xo) being defined, respectively, by (I4.30p and the first ex- 
pression in (14.311) . Finally, if xo < —1/2, since x_ < (3/2)xo, estimate (14.291) . with C7(xo) 
and C8(xo) being defined, respectively, by (I4.30p and the second expression in (14.310 . 
follows from G'^(x) < [/i(x_)]^i^i(2xo) for x G [2xo, (3/2)xo] and [/i(x+)]-^^i((3/4)xo) < 
—G^ix) for X G [(3/2)xo,0]. The proof is complete. 

Remark 5.2. Notice that, since 

G\{x) = 3[h{x)]~'{3g[ix)[hix)f-g,ix)[3-Agix)]ix-Xo)}, (5.11) 

to find the greatest and least values of Gi by studying its first derivative G[ it is not 
computationally amenable. Indeed, from fl5.11l) we obtain G[{x) = [h{x)]~^ Si{x) , where 

Si{x) = 3(2x^ - Gxox^ + 7x^x - 3x^) - x{Ax^ - 13xox + 6xl)g{x). (5.12) 
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Then, the study of G[ with the consequent location of the stationary points of Gi yields, 
more or less, to the same computational difficulties that we have highlighted in Remark 
15.11 as regards to the study of H" and the location of the inflection point of H. In 
fact, from (15.121) we get that solving G[{x) > leads us to solve Pi(x) > 0, Pi being a 
polynomial of degree deg(Pi) = 11 in the unknown x G {2xo,x), with variable coefficients 
depending on xq. 

Proof of Corollary \4.8[ Using g'{x) = —{3/2)[g{x)]~^{x — xq), x G (2xo,0), it is easy to 
verify that g2ix) = 4(2a; — xo)[g{x)]^^'^ satisfies 

g'^(x) = -9[g{x)]'^^^{Ax^ - Yxqx + Xq), Vx G (2xo, 0). 

Then, g2 decreases for x G [2xo,2;i] U [0:2, 0] and increases for x G [a;i,a;2], where the 
points Xj = [(7+ {-iy+^V^3)/8]xo, j = 1,2, satisfy Xi G ((13/8)xo, (3/2)xo) and X2 G 
(xo/4, xo/8). In addition, it is non positive in [2xo, xo/2] and nonnegative in [xo/2, 0]. We 
thus have 

f ^2(0;), a; G [xo/2,0], [ -^2(0;), x G [2xo, a;o/2], 

[0, XG [2x0, Xo/2], [0, X G [xo/2,0]. 

Let Xo G [— v^/4,0). Due to Lemma IT5l ? ). we have /i(xo/2) < h{x) for x G [xo/2,0] and 
h{xQ) < h{x) for X G [2xo,Xo/2]. Therefore, from < g2{x) < g2{x2) for x G [xo/2,0] and 
5^2(2^1) < g2{x) < for X G [2xo, Xo/2], we find 

[/i(xo)]~i(72(xi) < -G2 (x) < G2(x) < G2+(x) < [h{xo/2)]''g2ix2), Vx G [2x0, 0]. 

Estimate f02|) . with Cfc(xo), k = 9,10, defined by flCTl) and fOD . now follows by 
evaluating 



^2(x,) = i-ly2-y%^m+i-ly^'3][15 + i-ly+'^/33]'^'xl, j = 1,2, 



and using h{xo) = [(3/2)x^]V3 h{xo/2) = /i((3/2)xo) = 2-^/3(24/3 ^ g|^^|2/3)i/2|^^|^ 
Let us now assume xo < — -\/3/4. As in Corollary 14.61 we distinguish the two sub-cases 
Xo G (— 1/2, — ■\/3/4) and xo < —1/2, corresponding to x+ < xo/2 and xo/2 < x+, 
respectively. Let first Xq G {—1/2,-^/3/4:). Since x+ < Xo/2 and h is increasing in 
[x+,0] by virtue of Lemma W^ i). we have /i(xo/2) < h{x) for x G [xo/2,0], whereas 
/i(x_) = h{x^) < h{x) for x G [2xo,Xo/2]. Then, estimate fl4.35p . with Cii(xo) and 
Ci2(a;o) being defined, respectively, by fl4.36p and the first expression in (14.371) . follows 
from [h{x^)]~^g2{xi) = [h{x+)]~^g2{xi) < — G'^(x) for x G [2xo,Xo/2] and G^(x) < 
[h{xo/2)]^^g2{x2) for x G [xo/2,0]. Instead, if xo < —1/2, since xo/2 < x+, from /i(x+) < 
h{x) for X G [xo/2,0] and /i(x_) < h{x) for x G [2xo,xo/2] we deduce 

[/i(x_)]-i(72(xi) < -G^ix) < G2(x) < G+(x) < [/i(x+)]-^(72(x2), Vx G [2xo, 0], 

i.e. estimate ( I4.35P with Cii(xo) and Ci2(xo) being defined, respectively, by (14.36P and 
the second expression in (14.371) . Finally, estimate (I4.38p . with Ci3(xo) defined by (14.390 . 
follows from (14.320 and (I4.35P simply by observing that < 5^2 (X2) < |5'2(xi)| and using 
h{xs) < /i(xo/2), where X3 = Xo if Xq G [— -\/3/4,0) and X3 = x_ if Xo < —\/3/A. The 
proof is complete. 
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Remark 5.3. We observe that also in the case of Corollary 14.81 to find the greatest 
and least values of G2 by locating its stationary points is not profitable. For, G'2{x) = 
-3[g{x)]-^/^[h{x)]-^S2ix), where 

S2{x) = 3{2x^ - SxqX^ + I2xlx^ - Txlx + x^) - a;(4x^ - ITxqX^ + 17xlx + 2xl)g{x). 

Then, to solve G2{x) > one is led to solve P2{x) > 0, where P2 is a polynomial of degree 
deg(P2) = 14 in the unknown x G (2xo, 0), with variable coefficients depending on xq. 
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